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THE TEMPERATURE OF A PLATE HEATED BY A SOURCE 
OF ARBITRARY MOTION AND STRENGTH * 

M. H. COBBLE 
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Greek symbols 

a, 
a,, $7 

width of plate [ft] ; 
thickness of plate [ft] ; 
constant; 

arbitrary function ; 
transform of F; 
function [dimensionless] ; 
film coefficients [Btuh ft* OR] ; 
number of subdivisions in x direc- 

tion ; 
integer ; 
number of subdivisions in y direc- 

tion ; 
integer; 

conductivity [Btujh ft OR] ; 
length of plate [ft] ; 
integer; 

Biot number [dimensionless] ; 
integer ; 
integer; 

distributed source [Btu/h ft”] ; 
transform of Q, ; 
moving source strength per foot of 

plate thickness [Btujh ft] ; 
integer ; 
time [h]; 

temperature [“R] ; 
temperature of surroundings [“R] ; 
transform of W; 
distance [ft] ; 
distance [ft] ; 
distance [ft]. 

thermal diffusivity [ft’/h] ; 
constants; 

eigenvalue [dimensionless] ; 
eigenvalue [ft-‘1 ; 

backward difference operator; 

eigenvalue [ft - ‘1; 

constant [dimensionless] ; 
constant [dimensionless] ; 
characteristic function ; 
derived constant [h-r]. 

INTRODUCTION 

THE PROBLEM of the temperature distribution in solids 

due to a moving source is of continuing interest. Theoretical 

solutions date primarily from the classic paper of Rosenthal 

[l] who developed the quasi-steady-state theory for a 

uniform source moving at a uniform velocity in an infinite 

medium. More recently Cobble [2] treated the problem 

of a moving discrete source in a finite medium. This paper 

extend8 the problem to the case of a continuous source 

of arbitrary motion and strength, for a thin plate of finite 

dimensions having the most general Sturm-Liouville bound- 
ary conditions. 

PROBLEM 
The conduction equation for a thin plate, see Fig. 1, 

having losses on all faces, and having a distributed source, is 

* Supported by the National Aeronautics and Space 
Administration Grant No. NGR-32-003-027. FIG. 1. Thin plate boundary conditions. 
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The inversion equation is 

(1) 
F(x) = ; 

m f (Y”) 

c 
s(B 9.w 

I) 
“=I 

where 

temperature ; 
convection coefficient, upper surface; 

convection coefficient, lower surface; 

conductivity; 

thickness of plate; 

distributed source; 

thermal diffusivity. 

The boundary and initial conditions for a plate having 

convection losses at the edges, when the surroundings 

W, are at zero, are : 

aw h 
1. $4YJ) = jp W(O,y,t), 

2. g (I, Y, t) = + W(1, y, t) ; 

3. 5 (X, 0, t) = ; W(x, 0, t) ; 

4. z (x, a, t) = 2 W(x, a, t) ; 
ay 

5. Wx, Y, 0) = WC, Y). 

To solve equation (1) subject to the boundary and initial 

conditions shown, it is necessary to find the properties of a 

special linear function 4(x). Using the methods in [2], 
the following identities can be developed : 

The characteristic functions are 

I&(X) = cos 7.x + NBil sin y.x, 
1. 

n = 1,2,3,. (2) 

where 

hl Nsi, = - 
k (3) 

8” = Y.1. 

The eigenvalue equation is 

where 

h,l Nsi 
0 _=__I 

I” = ky.1 /?. (6) 

(7) 

(8) 

where 

SW = I (1 + 4.) 

+ (Ul” + U23PJl”bl” + u23 +(I - d”)(l - Ul"~2")l 
Ml + a1 + 4”) 1, 

(9) 

A listing of the first fifty eigenvalues for various arguments 

of NBi, and NBip and g(B.) for the same arguments is given 

in [3]. 

The transform of F(x) is 

T{Wl = d K+#&) dx = f (rnb n = 1,2,3 , (10) 

The transform of F”(x) is given by 

T{F”(x)I = -riff(r.) + M) 

(11) 

SOLUTION OF THE TRANSFORM DIFFERENTIAL 

EQUATION 
Taking transforms of equation (1) and the boundary and 

initial conditions by means of the transform 

TiF(x)) = J F(x)&,,(y,x) dx = f (y,). m = 1,2,3, (12) 
0 

where 

YJ = Bin 

gives rise to the partial differential equation 

(4a) 

a% 
@(Ym,YJ) - 

[ 

r: +kb thl + h2) w(y y t) I nl3 / 

+ $ (Y”. Y, t) = d ;; CL.. Y, 1) (13) 

and its accompanying boundary and initial conditions: 

1. $ (ym, 0, t) = ; w(y,, 0, t) 

2. $ (ym, a, t) = 2 w(y,, a, t) 

3. “(Y!n> Y> 0) = I(Y,, Y) 
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and where where the subscript i refers to the initial condition solution, 

qs(ymr Y, r) = d Q,cx, Y> W,(y,x) dx 

and the subscript s refers to the source solution. 

(14) 

and 

f(v,. Y) = $ F(x, YMYA dx. (15) 
NATURE OF THE SOURCE 

The transformed source term can be written as 

initial condition by means of the transform 
Taking transforms of equation (13) and its accompanying 

T{F(Y)} = i ~(YM,R.IJY) dy = j-(&L n = I,‘& 3, 
0 

Q&,Y,~) G (x, ~,t) dx dydt. (24) 

where 

eI@ = 8” 

gives rise to the ordinary differential equation 

dw 
dt (Ye. e,, r) + a y: + e,z + kb 

C 

(h, + h,) 

I 
w(Y~, e., t) 

and its initial condition: 

1. w(Y,, e,, 0) = f(~,, 0,) 

where 

and 

d3(YW e,, r) = [ 4s(Y,. Y, rW.(+.Y) dy 

. . ” 

(18) x Qa(xe Yj, ‘p) G (Xi. Y> tp)VXtVYjVtp (28) 

f(~,, 03 = [f(~~. Y)4de.Y) dy. 

Now the source term Q,(x, y, t) in Btu/b ft3, can as Vx, -P 0, 
Vy, + 0, be written in terms of the energy rate input per 

(19) foot of plate thickness absorbed in the little quadrilateral 

The solution to equation (17) using the initial condition is 

w(Y,, k t) = f(~,, en) exp t-k. J) 

+ i 4d~,, e,, t)* exp (- k.,.t) 

(16) 
Defining 

W) 
xi = vx, + vx, +. + vxi (25) 

y, = vy, + vy, + + vy, (26) 

t, = Vt, + Vt, +. + Vt, (27) 

where V is the backward difference operator. In the limit 

(17) as Vxi + 0, Vyi + 0 and Vt,, + 0, equation (24) can be 
written as 

Vx,Vyl. This energy rate input per foot is designated as 
Qr(x,y, t) in Btu/h ft, and so 

where 

and 

q3(yrn, fz, r)* exp ( -(L,, .r) 

= ! &(Y,,,, 0, r) exp [ - JI,. .(t - r)] dr 
0 

= exp ( -A,. .t) i &(Y,,,, e,, d exp W,,.t) dt. 
0 

Equation (20) can be written 

w(Y,, e,, r) = wi(ym, e., r) + WAY,, e,, r) 

Q,(x, yj, tp) = $‘f OQ1~:;;,). (29 
1 I 

VY,dO 
Using equation (29) in equation (28), we can write 

x Q~(-G Y> tp)Vtp G (Xi> Yj, ‘J W) 

From Fig. 2, it is evident that when p # j # i, Q,(x,, y,, t,,) = 

(22) 
0, and also Q,(x, y) tP) = 0 for i > I, so 

I 

w.(Y,, e,, t) =vx,t;mo E 
c 

QI(xi> yi, Vti G be yi, ti). (31) 

(23) 
vy,+o i=r 
Vfi -+ 0 
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FIG. 2. Moving source on x, y surface. 

Thus the transform solution becomes and so 

w (Y 0 t) = f(Y,, 0,) cxp (- kll,“~) 5 mr n, 
I 

+ lim ” 
c VX,+O k 

e I(% Yi. ti)vti~,(r~~i)~“(8nyi) 

‘yY,-+O c=, 
vr, .b 0 

x exp [ - $,. .O - ti)l. 

4Ym Q”! f)4m(YmX)+n(~d) -~ W(l, y, t) = $ 
cc s(B,) S(B”) 
Ill=, n=, 

in a slightly expanded form 
a, UP 

(32) W(x,y, t) = $ 
cc 

~~(Y~~)~~(e~Y) -p- 
m= 1 I=, ~(~~)g(~“) 

(351 

SOLUTION 
Using the inversion equation, the solution can be written 

as 
m 

W(x, p. t) = f c,~,(y,s) = f 
c 

yg” #J&J) (331 
Ml=1 Ill=* 

and similarly 
for 0 < x < I,0 < y < a, and f > tI. 

For 
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the solution is the same as equation (36) except that the 

summation on i stops at r instead of 2. 

In practice evaluation of equation (36) would be ac- 
complished by breaking up the path of the continuous 

source 0, across the plate into a finite number of time 

increments as shown in Fig. 2. Using backward differences, 

the source strength released in the first shaded area VxiVy, 

would he evaluated as 0,(x,, y,, tr). The source strength 
released in the second shaded area Vx,Vy, would be 
evaluated as 0,(x,, y,, tz). Similar statements hold up to 
the Ith shaded area Vx,Vy, in which the source strength 
would he evaluated at 0,(x, y,, t,). In general, the smaller 
the increments, the more accurate the answer. 
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